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Abstract 
 

Throughout development, complex networks of cell signaling pathways drive cellular decision-making 

across different tissues and contexts. The transforming growth factor β (TGF-β) pathways, including the 

BMP/Smad pathway, play crucial roles in these cellular responses. However, as the Smad pathway is used 

reiteratively throughout the life cycle of all animals, its systems-level behavior varies from one context to 

another, despite the pathway connectivity remaining nearly constant. For instance, some cellular systems 

require a rapid response, while others require high noise filtering. In this paper, we examine how the BMP-

Smad pathway balances trade-offs among three such systems-level behaviors, or “Performance Objectives 

(POs)”: response speed, noise amplification, and the sensitivity of pathway output to receptor input. Using 

a Smad pathway model fit to human cell data, we show that varying non-conserved parameters (NCPs) 

such as protein concentrations, the Smad pathway can be tuned to emphasize any of the three POs and that 
the concentration of nuclear phosphatase has the greatest effect on tuning the POs. However, due to 

competition among the POs, the pathway cannot simultaneously optimize all three, but at best must balance 

trade-offs among the POs. We applied the multi-objective optimization concept of the Pareto Front, a 

widely used concept in economics to identify optimal trade-offs among various requirements. We show 

that the BMP pathway efficiently balances competing POs across species and is largely Pareto optimal. Our 

findings reveal that varying the concentration of NCPs allows the Smad signaling pathway to generate a 

diverse range of POs. This insight identifies how signaling pathways can be optimally tuned for each 

context. 
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Introduction 
 

Throughout the process of development, an array of essential communication pathways exert influence over 

a wide spectrum of cellular destiny determinations and various processes in different tissues and situations, 

including the Bone Morphogenetic Protein (BMP) pathway, a member of the Transforming Growth Factor 

β (TGF-β) superfamily of signaling pathways. The BMP pathway regulates a wide variety of cellular 

responses, including apoptosis, differentiation, homeostasis, stem cell maintenance, and regeneration in 

animals from flies to humans [1-7].  The pathway is activated by ligands of the BMP family, which bind to 

cognate Type I serine-threonine kinase receptors, promoting the recruitment of the Type II receptors (Fig. 

1A). The Type I/Type II receptor complex phosphorylates Smad1/5/8, which then dimerizes and forms a 

complex with the Co-Smad (Smad4), forming the signaling complex (PSmad1)2/Smad4. This signaling 

complex (SC) enters the nucleus and activates downstream gene expression [1, 8]. The first Smads were 

discovered in Drosophila: Mothers against Dpp (Mad; homolog of Smad1/5/8) and Medea (Med; homolog 

of Smad4) [9]. 

 

Despite its high degree of conservation across different species, the BMP/Smad pathway exhibits 

remarkable diversity in its responses to BMPs in different contexts.  For example, the response speed of the 

Smad pathway varies widely across common model systems, including several well-studied stages of 

Drosophila development, the zebrafish embryo, the mammalian cochlea, and human induced pluripotent 

stem cells (hiPSCs) (Fig. 1B-H). 

 

For example, BMP signaling patterns the dorsal half of the embryo in the 2-3 h old Drosophila embryo,  

[10, 11] to establish a narrow profile in the dorsal-most of the embryo in the first 30 min [12-15]. Thus, the 

Drosophila Smad network rapidly responds in the embryo. Later in development, the same Smad pathway 

acts on the order of hours in the specification of wing veins [16]. In the case of vertebrate development, the 

 
Figure 1: Smad signaling is a conserved pathway. (A) Reaction network diagram of the Smad pathway. TGF-β binds and 

activates the receptors, thus phosphorylating Smad1. pSmad1 binds to Smad4 and forms dimers which then form trimers. (B-

H) Illustrative figures of model systems in which BMP signaling pathway patterns tissues with BMP producing cells marked 

in maroon, (B) Drosophila Embryo, (C) Drosophila adult germline stem cells, (D) Drosophila Wing Disc, (E) Drosophila 

Pupal Wing (24-30 h APF), (F) Zebrafish Embryo, (G) Mouse Cochlea, and (H) Human Lymphangiogenesis 
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zebrafish embryo BMP gradient is formed on a rapid time scale (30 min) [17, 18]. Whereas a similar 

pathway responds to the different systems in a varied time scale. In contrast, BMP signaling in lymphatic 

commitment in humans is on the order of hours, so that noise filtering is a more dominant performing 

objective than response speed [19-22]. As demonstrated in each of these model systems, the time scale of 

BMP pathway activation and response, and noise control response to the input signal must be tightly 

regulated. 

 

These differences in response speed highlight the fact that the BMP-Smad pathway exhibits a diversity of 

behavior depending on the biological context. It is likely that the response speed is in a trade-off relationship 

with other systems-level behaviors, or “Performance Objectives (POs)” [23, 24]. For example, 

communication systems can sacrifice response speed to reduce noise through time-averaging [25, 26]. To 

simultaneously improve noise filtering and response speed, signaling pathways could operate in the regime 

of high levels of activated receptor inputs. However, in this regime, linear sensitivity to input levels is 

sacrificed, as the network would become saturated [25, 26]. Indeed, the utopian ideal — a signaling system 

with an instantaneous response, zero noise, and a perfectly linear, high-fidelity response — is not 

biologically or physically possible, and compromises must be made to balance the trade-offs among the 

POs. Certain cellular systems might demand swift responses, like Drosophila and zebrafish embryos, 

whereas others may necessitate extensive noise filtration, like human stem cells. This diversity cannot 

derive from rewiring the pathway, or from altering protein biochemical function, as these aspects of the 

BMP pathway are highly conserved across the animal kingdom. Instead, we hypothesize the tunability is 

achieved through differential concentrations of pathway components. 

 

In this study, we used a Smad pathway model, calibrated to time course data from human cells [27], to 

analyze how the Smad pathway balances trade-offs among the three POs through variation of non-

conserved parameters (NCPs): concentrations of phosphatase and Smad proteins, and the nuclear import 

rate of activated Smad protein complex. We found that the NCPs allow the Smad signaling pathway to 

generate a diverse range of POs, and that phosphatase concentration has the largest effect on shifting the 

balance of POs. To systematically determine which combinations of POs are optimal, we utilized the 

concept of the Pareto Front, which has been widely employed in economics to identify a collection of 

designs that offer optimal trade-offs among various requirements [28, 29]. In the field of biology, the Pareto 

Front approach allows for a comprehensive analysis of the diverse factors influencing biological systems 

and aids in the identification of solutions that achieve the best compromise between competing objectives. 

We found that, for most combinations of NCP values, the Smad pathway is Pareto optimal. We analyzed 

which systems fall on the Pareto Front and predicted the relationship between values of NCPs and which 

POs a given system would emphasize. We conclude that the Smad pathway is highly versatile to achieve a 

variety of trade-offs among the POs, depending on the needs of each system in their biological context.  

Results 
 

The non-conserved parameters determine the performance objectives of the system. 
 

Our BMP/Smad pathway model was adapted from a similar model constructed for the Smad pathway 

downstream of the TGF-β pathway [27]. We used a core set of parameters that were fit to the TGF-β/Smad 
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data from [27]. With the core parameters in place, we performed simulations of the BMP/Smad pathway 

(hereafter referred to simply as the Smad pathway) with the pathway initially at rest (active receptor level, 

Ract = 0). At time t = 0, we increased the active receptor level to its new value, Ract, which resulted in an 

increase in the nuclear concentration of the signaling complex (SC), (PSmad1)2/Smad4. Based on this 

simulation, we computed the rise time (trise), which serves as an indicator of the system's response speed 

(PO1). The trise is defined as the duration it takes for the response variable to reach and consistently stay 

within a 5% window around the final steady state (Fig. 2A).  

 

To evaluate the noise amplification properties of the Smad pathway, we extended the simulation, beginning 

at the established steady state, but with a time-varying noise Ract (Fig. S5A). The variations in Ract mimic 

stochastic simulations of receptor activation [30]. The simulation was continued over a simulation time of 

24 hours. During that time, the response variable fluctuated about a mean of μ with a standard deviation of 

σ (Fig. 2B). Using these simulated fluctuations in the response variable, we calculated the second metric, 

NAR [31], which is defined as the ratio of the coefficient of variation (𝐶𝑉 ≡
𝜎

𝜇
) of the response variable to 

that of the input variable (Ract). The final metric, the steady state sensitivity coefficient (ϕ), is a measure of 

the linear fidelity of the response variable with respect to the input variable. To calculate this metric, we 

ran a parallel simulation by perturbing Ract by 1%, resulting in a slightly different steady state for the 

response variable (inset of Fig. 2A). The sensitivity coefficient is defined as the ratio of the fractional 

change in steady state output to that of the input.  

 

Each of these three performance metrics (PMs) was calculated for a given set of values of the NCPs, and 

in general, should change when the values of the NCPs change. Fig. 2E shows how the PMs change while 

perturbing phosphatase (PPase). We found that increasing the PPase concentration from 1 nM to 10 nM, 

keeping all other core parameters and NCPs unchanged, resulted in a decrease in the rise time (Fig. 2A, C), 

 
Figure 2: PPase determines PMs: (A) The simulated concentration profiles for the signaling complex in the nucleus, SCnuc, 

at a constant activated receptor level and PPase concentration of 1 nM, has a trise of 80 min and a small effect on the steady-

state concentration when the Ract level is perturbed. (inset) The differential change in steady-state concentration with respect 

to change in Ract is 0.6. (B) In response to the noise input (S5A) the resulting dynamic profile for SCnuc has a small coefficient 

of variation at PPase concentration of 1 nM (black dashed line indicates mean and grey rectangle indicates standard deviation). 

(C) The simulated concentration profile for SCnuc at a constant activated receptor level and PPase concentration of 10 nM has 

a trise of 20 min and a relatively (relative to 1 nM) larger change in steady-state concentration when perturbed. (inset) The 

differential change in steady-state concentration with respect to change in Ract is 1.3. (D) In response to the noise input (S5A) 

the resulting dynamic profile for SCnuc has a large coefficient of variation at PPase concentration of 10 nM. (E) The Performance 

Metrics (PMs) of the Smad signaling pathway depend on the PPase concentration. With an increase in PPase concentration 

from 1 nM to 10, nM trise (PM 1) decreased, NAR (PM 2) increased, and sensitivity coefficient (φ) (PM 3) increased. The PPase 

concentrations for which the PMs are calculated as 1 nM, 3 nM, 5 nM, and 10 nM. The “utopian ideal”, in which all three PMs 

are optimized, is shown in black 
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an increase in NAR (Fig 2B, D), and an increase in the sensitivity coefficient (inset of Fig. 2A, C). These 

trends were also maintained for intermediate values of the phosphatase concentration (Fig. 2E). By 

comparison, the utopian ideal has trise = 0, NAR = 0, and ϕ = 1 (black triangle in Fig. 2E), which is not 

biologically or physically possible. In summary, our results indicate that the PPase concentration affects 

the performance measures (PMs). Therefore, by regulating PPase concentration, the Smad signaling 

pathway can be fine-tuned to achieve specific desired outcomes. 

 

The effect of non-conserved parameters on the performance objectives. 
 

While the Smad pathway topology and component protein sequence is highly conserved across the animal 

kingdom, we consider four parameters in the model to be “non conserved parameters (NCPs)”. The first 

three are the concentrations of the PPase (see above), Smad1, and Smad4. The fourth NCP in the model is 

the complex import factor (CIF), which is defined as the nuclear import rate constant of the SC normalized 

to the nuclear import rate of the other Smad-containing complexes (Schmierer et al., 2008). 

 

To determine how each of these NCPs affects the three PMs, we performed a parameter screen and 

calculated the three PMs for 104 sets of randomly generated sets of NCPs (see Methods) spanning several 

orders of magnitude. This extensive analysis allowed us to generate a three-dimensional manifold of all 

feasible PMs in “PM-space” (Fig. 3A), which revealed that no parameter set resulted in optimal values of 

all three PMs simultaneously (designated as the utopian point, UP). The projections of the three-

dimensional manifold indicate that the PM-space is constrained by the model formulation (Fig. 3B-D). 

Notably, trade-offs were observed between competing objectives such as response speed vs. noise 

amplification (Fig. 3B), and noise amplification vs. sensitivity coefficient (Fig. 3C).  

 

To visualize the effect of each NCP on determining the PMs of the signaling network, we sorted the points 

from the parameter screen into bins based on the value of each NCP (Fig. S6). However, given the high 

density of points, we replaced each cluster of points by its centroid (see Methods). We found that PPase 

concentration has the largest effect on the balance of PMs, while CIF has the smallest (Fig. 4A, B). Smad1, 

Smad4, and their ratio each had a non-monotonic effect on the balance of PMs (Fig. 4C-E).  

 

To determine the combination of NCPs for which the system is “optimal,” we calculated the Euclidean 

distance of each point using equal weights, hereafter referred to as the Equal Weights Distance (EWD) in 

the curves plotted in Fig. 4A-E to the Utopian Point (UP, Fig. 4A). The utopian points are defined as the 

“ideal” optimal performance point with minimum rise time (trise = 0) and noise ratio (NAR= 0), and optimal 

 
Figure 3: The results of the parameter screen in PM-space. (A) 3D surface representation of the results of the front of the 

parameter screen in PM-space. Trade-offs are evident as no parameter set results in PMs that approach the utopian point (UP). 

(B) The rise time (trise)-NAR projection of all PMs generated by sampling NCPs. (C) The NAR-sensitivity coefficient (φ) 

projections of all PMs generated by sampling NCPs. (D) The sensitivity coefficient (φ) – rise time (trise) projections of all PMs 

generated by sampling NCPs 
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sensitivity coefficient (φ = 1). While sensitivity coefficient and NAR are order one, unitless ratios , the rise 

time not unitless and can reach values of a few hundred minutes. To account for this difference in scales,  
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we scaled the rise time by the maximum calculated value over all ten clusters, then arbitrarily weighted the 

three PMs equally (see Methods).  We found there is an optimal level of PPase that minimizes the distance 

to the utopian point (Fig. 4F). The centroids of CIF clusters are largely equidistant from the utopian point, 

except at higher concentrations (clusters 8-10) (Fig. 4F). The Smad1 clusters advance towards the utopian 

point with increasing Smad1 concentration but stagnate such that any further increase in concentration does 

not significantly affect the position of the clusters (Fig. 4F). In accord with the “U” shape formed by the 

curves for Smad4 and the Smad1/Smad4 ratio, there are clear optimal values for these NCPs that minimize 

the distance to the utopian point (Fig. 4F).  

 

The optimality of performance objectives at different receptor levels. 
 

Up to this point, all the simulations described previously were done at a single value of Ract (Fig S5A). 

However, Ract levels are expected to vary across species, systems, and space. We generated a total of 60 

receptor inputs of varying Ract (see Methods) and calculated the PMs at the 104 previously generated NCPs 

sets. For PPase, at higher Ract levels the centroid of point clusters advances closer to the utopian point and 

stagnates (Fig. 5A). The centroid of point clusters of CIF have the same nature at all Ract, but the distance 

from the utopian point progressively increases on increasing Ract (Fig. 5B). For all Ract, increasing total 

Smad1 shifts the system closer to the utopian point (Fig. 5C) whereas increasing total Smad4 shift the 

system further away from the utopian point (Fig. 5D). To balance the competing nature of Smad1 and 

Smad4, the ratio of Smad1total/Smad4total must be optimally controlled (Fig. 5E). (Fig. 5 summarizes “Rmax” 

levels, for “Rmin” see Supplementary Text Section 1). 

 

The Pareto optimality of the performance objectives 
 

Minimizing the distance of the curves in Fig. 4A-E to the optimal point was based on a EWDdistance metric 

in which the values of trise (normalized), NAR, and the sensitivity coefficient were given equal numerical 

weight. However, as the metrics for the three PMs are not related to each other numerically, there is no 

inherent justification for equal weighting. To address this concern, we have taken a multi-objective 

optimization (MOO) approach to determine which points in PM-space can be considered optimal. Unlike 

standard, single-objective optimization, MOO attempts to satisfy multiple, conflicting objectives, and 

therefore, MOO is the proper method to apply to balance the PMs [32].  

 

In general, in a MOO approach, one identifies the subset of model results in which improvements to one 

objective cannot be made without compromising the others. This subset is known as the “Pareto Front,” 

and each of the points on the Pareto Front is considered optimal, from a Pareto standpoint. In practice, 

points on the Pareto Front are identified as those for which no other point is better in all three objectives. 

Applying this method to our screen, we found that roughly 70% of results from our screen resided on the 

Pareto front (Fig. 6). Even some points that perform very poorly on one PM may still considered Pareto 

Figure 4: NCPs determine the position of the system in three-dimensional PM-space. (A-E) The centroid of ten point-

cloud clusters into which the PMs were sorted based on NCP concentration. The projections of the curve formed by connecting 

the centroids is as shown on the trise-NAR, trise-sensitivity coefficient (φ), NAR-sensitivity coefficient (φ) planes (shown in 

grey). Increasing circle diameter denotes increasing concentration. (A) An increase in the PPase concentration shifts the PMs 

of the system closer to the utopian point “UP”. “UP” is the “ideal” optimal performance point with co-ordinates [trise, NAR, φ] 

= [0, 0, 1] (shown as a black filled circle). (B) Increasing CIF concentration has a small effect in determining the position of 

the centroid of the point cloud clusters. (C)  Increasing total Smad1 concentration continuously advances the centroid of the 

point cloud clusters towards the optimal point. After a certain level, any further increase in Smad1 has a small effect in 

repositioning the PMs. (D) The centroid of point cloud clusters forms a “U” shape such that increasing total Smad4 moves the 

system closer to the optimal point and then after a certain point any further increase in Smad4 moves the system away from the 

optimal point. (E) The Smad1total/Smad4total has a mirror “U” trend with lower Smad1total/Smad4total values being further away 

from the optimal than higher Smad1total/Smad4total. (F) The EWDdistance of the point cloud cluster from the optimal point for all 

four NCPs and Smad1total/Smad4total. 
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optimal because the trade-offs are such that the other PMs are close to their respective optimal values. 

Therefore, the Smad pathway is tunable to the needs of each system simply by altering the values of each 

system’s NCPs. 

 
Figure 5: Equal Weights Distance (EWD) distance of point cloud clusters. (A-E) The EWDdistance from the optimal point 

of the point cloud clusters at 30 Rmax (see Methods) inputs. The size of the circle represents increasing NCP concentrations. 

(A)  The EWDdistance from the optimal point of the point cloud clusters of PPase at 30 Rmax inputs. (B) The EWDdistance from the 

optimal point of the point cloud clusters of CIF at 30 Rmax inputs. (C) The EWDdistance from the optimal point of the point cloud 

clusters of total Smad1 at 30 Rmax inputs. (D) The EWDdistance from the optimal point of the point cloud clusters of total Smad4 

at 30 Rmax inputs. (E) The EWDdistance from the optimal point of the point cloud clusters of total Smad4 at 30 Rmax inputs. 
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Mapping performance of biological systems to NCPs 

 

To correlate different system behaviors with values of NCPs, we considered three different potential system 

behaviors. In the first behavior, System 1 favors linearity and rise time (emphasizing POs 1 and 3) while 

sacrificing NAR (Fig. 7A). In the second behavior, System 2 favors a small NAR (emphasizing PO2), while 

sacrificing rise time and linearity (Fig. 7A). In the final behavior, System 3 favors a short response time 

and high noise filtering (emphasizing POs 1 and 2) while sacrificing linearity (Fig. 7A). In these three 

different regions of PM-space, being limited to the Pareto Front, the NCPs take on hallmark distributions 

(Fig. 7B-P). For example, System 1 is characterized by high phosphatase and Smad1 levels, and low Smad4 

levels. System 2 has low phosphatase and medium Smad1 and Smad4 levels. Finally, System 3 has medium 

phosphatase and Smad4 levels, and high Smad1 levels. This relationship between NCPs and PMs would 

allow us to predict NCP values from experimentally-observed systems-level behavior and, perhaps more 

importantly, to rationally control systems-level behavior by manipulating NCP levels. 

 

 
Figure 6: Pareto optimality of POs. (A-C) The projections of the three-dimensional PM-space. Darker filled circles represent 

Pareto optimal POs, whereas lighter circles represent POs that are not on the Pareto front. The histogram with solid lines 

indicates the distribution of Pareto optimal POs and the histogram with dashed line indicates the distribution of POs that are 

not Pareto optimal. (A) The trise-NAR projection of the three-dimensional manifold. (B) The NAR-sensitivity coefficient (φ) 

projection of the three-dimensional manifold. (C) The sensitivity coefficient (φ) - trise projection of the three-dimensional. The 

optimal point (UP) is indicated with black filled circles. 
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Figure 7: Mapping the performance of biological systems to NCPs. (A) We arbitrarily chose three systems on the PM-surface 

such that system 1 favors linearity, system 2 favors NAR, and system 3 favors both rise time and NAR. The three systems lie on 

different regions on the surface fit through all the Pareto optimal PMs. (B-D) The distribution of PPase, normalized by a probability 

distribution function, for the three systems in (A). (B) The behavior in system 1 is possible due to high PPase values. (C) The 

behavior in system 2 is possible due to intermediate PPase values. (D) The behavior in system 3 is possible due to low PPase values. 

(E-G) The distribution of CIF, normalized by a probability distribution function, for the three systems in (A). (E) CIF has a uniform 

distribution over the entire range. (F) CIF has a uniform distribution over the entire range. (G) CIF has a uniform distribution over 

the entire range. (H-J) The distribution of Smad1total, normalized by a probability distribution function, for the three systems in 

(A). (H) The behavior in system 1 is possible due to high Smad1total values. (I) The behavior in system 2 is possible due to 

intermediate Smad1total values. (J) The behavior in system 3 is possible due to very high Smad1total values. (K-M) The distribution 

of Smad4total, normalized by a probability distribution function, for the three systems in (A). (K) The behavior in system 1 is 

possible due to low Smad4totalvalues. (L) The behavior in system 2 is possible due to high Smad4total values. (M) The behavior in 

system 3 is possible due to intermediate Smad4total values. (N-P) The distribution of the Smad1total/Smad4total, normalized by a 

probability distribution function, for the three systems in (A). (N) The behavior in system 1 is possible due to high 

Smad1total/Smad4total values. (O) The behavior in system 2 is possible due to low Smad1total/Smad4total values. (P) The behavior in 

system 3 is possible due to very high Smad1total/Smad4total values.  

 

Phosphatase levels are variable across species 
Our results have shown that nuclear phosphatase, which dephosphorylates PSmad, has the greatest effect 

of the NCPs on the balance of trade-offs among the POs. To ascertain the variability in phosphatase levels 

across different species, we used available RNA-Seq data from Drosophila embryos, zebrafish embryos, 

and human cell data. Several phosphatases have been previously linked to the Smad pathway, such as  

PPM1A [33-35], PPM1H [36], MTMR4 [37], SCP1/2/3[38], SCP4/CTDSPL2 [39], Dullard, Pyruvate 

dehydrogenase phosphatase (PDP) [40], PP2A [41], etc. Notably, we identified that PPM1A, MTMR4, and 

Dullard were consistently expressed in Drosophila, zebrafish, and human cells. We focused on the available 

published RNA-Seq data for zebrafish embryos [42], Drosophila embryos [43], and human aorta cells [44] 
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specifically examining the expression of the phosphatase Dullard (ctdnep1a in zebrafish and ctdnep1 in 

humans). The current data reflected that Dullard mRNA exhibited significant expression during the 

developmental stages of both zebrafish and Drosophila embryos, where the BMP/Smad pathway plays a 

crucial role in shaping the major body axis for these two species. The RNA-Seq dataset is limited in 

regulated by individual experiment processes, making direct comparisons across species on a universal 

scale challenging [45]. For a broader perspective on expression levels throughout different species, we 

conducted a comparison of Dullard expression relative to two highly conserved housekeeping genes, 

GAPDH (glyceraldehyde-3-phosphate dehydrogenase) and UBC (Ubiquitin C) (Data summary available 

in Supplementary Text Section 5). Our findings indicate that the relative expression level of Dullard is 

higher in Drosophila embryos than in zebrafish embryos as measured against both GAPHD and UBC. Our 

findings are consistent with our prior modeling outcomes, and a higher level of PPase maintains POs by 

achieving a balance between lower noise filtration and heightened sensitivity, leading to quicker response 

times. 

Discussion 
 

Highly conserved cell-cell signaling pathways, such as the BMP pathway, operate within multiple 

biological systems, and as such, must be adaptable and versatile to achieve a variety of goals specific to 

each organism. A fundamental question is how the general morphogen pathway has adapted to the specific 

needs of a given system, and what mechanisms are at its core in fine-tuning system performance. In the 

case of BMP-Smad pathway, despite the central and highly conserved role that BMP signaling plays in 

tissue patterning, the dynamics of signal transmission from the BMP input to the PSmad output varies 

widely across taxa or developmental stage. For example, BMP signaling requires a rapid response in 

Drosophila and zebrafish embryo development, which occur on the order of minutes to a few hours. On the 

other hand, in Drosophila pupal vein formation and hiPSC differentiation, BMP signaling persists for hours 

and days, implying that noise filtering may be more important than a rapid response [22]. These 

observations suggest that the shared BMP signaling module may be tuned to emphasize different POs 

depending on the context. In certain scenarios, an “ideal” system with optimal POs would respond rapidly, 

filter noise, and act as a linear sensor of BMP concentration. These response features play a crucial role in 

determining the fitness of an organism when it faces challenges such as biological noise and perturbations. 

However, real communication systems are subject to constraints and must navigate trade-offs between 

various optimal solutions. Balancing these competing factors becomes essential for the functional 

adaptation and robustness of the BMP-Smad pathway. 

 

Here we investigated the effect of non-conserved parameters (NCPs) on the performance objectives (POs) 

of the Smad nucleo-cytoplasmic dynamic model. The investigation involved the evaluation of three specific 

PMs: response time (PM1), noise-amplification-ratio (NAR) (PM2), and sensitivity coefficient (PM3). To 

assess these objectives, we evaluated the POs by characterizing the response of the system to the 

localization of (pSmad1)2/Smad4 in the nucleus upon pathway activation. The results revealed an intriguing 

relationship between the concentration of one NCP, PPase, and the POs. As the concentration of PPase 

increased, the response time of the system decreased. This suggests that a higher concentration of PPase 

led to a more rapid response, indicating its role in modulating the response timing of the Smad nucleo-

cytoplasmic dynamics. On the other hand, the results also unveiled that an elevated concentration of PPase 

correlated with an increased noise-amplification capability. This implies that PPase plays a vital role in 

filtering out extraneous noise, enhancing the system's ability to maintain accurate signaling despite external 

perturbations. Additionally, as the concentration of PPase was increased, the sensitivity coefficient of the 

system also increased. This suggests that PPase concentration influences the system's sensitivity to 

variations in the input signals, potentially allowing for more precise and nuanced responses to changes in 

the cellular environment. PPase plays an essential role in regulating the TGF-β/BMP signaling pathway by 

dephosphorylating key components to modulate its activity. Based on our preliminary analysis of the 
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available published RNA-Seq data from Drosophila and zebrafish embryos, as well as human cell data, the 

phosphatase expression levels vary across different species, the relative expression level of Dullard is higher 

in Drosophila embryos than in zebrafish embryos as measured against both GAPHD and UBC. Our findings 

are consistent with our prior modeling outcomes, and a higher level of PPase maintains POs by achieving 

a balance between lower noise filtration and heightened sensitivity, leading to quicker response times. 

These observations align with the developmental requirements of Drosophila embryos, which necessitate 

rapid responsiveness during their developmental stages. The findings underscore the significance of protein 

phosphatases in modulating TGF-/BMP signaling and highlight the need for further exploration into their 

role.  

 

While PPase levels play the largest role in shaping the balance of trade-offs among the POs we analyzed 

here, it is only a singular parameter, variation of PPase alone can, at best, trace out a single curve in PO-

space. Therefore, the other NCPs, in particular, Smad1 and Smad4 concentrations, can fine-tune the balance 

of trade-offs to allow the system to sample the entire Pareto surface. Interestingly, our model predicts that 

Smad1 and Smad4 have largely opposite effects on the POs. Our model predictions of the relationship 

between NCPs and POs could be tested experimentally in a variety of BMP systems across multiple animal 

species.  

 

In this work, we focused on only three POs, given they are requirements for communications systems [23, 

24, 31, 46]. However, the BMP system may have other competing POs that must also be balanced 

depending on the context. For example, signal amplification, precision, and information processing are 

plausible POs that could also be considered in the future [23, 24, 47]. 

 

This study presents a fresh perspective on the regulation of BMP/Smad signaling by emphasizing the 

significance of considering concentration-dependent effects in pathway regulation across different species. 

This research also sheds light on the intricate mechanisms that underlie the adaptability and robustness of 

the BMP-Smad pathway, offering valuable insights into its regulation and plasticity. Further exploration is 

warranted to uncover the mechanisms governing the concentrations of pathway components and to 

understand their implications in the fields of developmental biology, disease-related contexts, and 

regenerative medicine. 

Methods 
 

Simulating the Smad model 
 

For this study, we modified the Smad signal transduction model reported in Schmierer et al., 2008 [27]. In 

this model, the ligand TGF-β binds to the receptor resulting in the phosphorylation of Smad2, a receptor-

regulated Smad (R-Smad). The phosphorylated-Smad2 (pSmad2) forms homomeric or heteromeric 

complexes with Smad4, a common mediator Smad (Co-Smad) which then translocates to the nucleus to 

regulate gene expression. We implemented this mathematical model to simulate the BMP pathway and 

model Smad1 dynamics as its network structure is similar to TGF- β pathway. 

 

It has been reported in the literature [48-50] that the active signaling complex is a trimer consisting of two 

molecules of pSmad1 and one molecule of Smad4. We accordingly modified (see Supplementary Text 

Section 3) the model to account for interactions between dimers that result in the formation of the trimer 

— (pSmad1)2/Smad4. We fit this modified model to the nuclear EGFP-Smad1 concentration data reported 

in [27].  

 

In our modified model (referred to as the Smad model), before the activation of the pathway, only 

monomeric-Smad1 is present in the nucleus, and after the pathway is activated due to TGF-β signaling all 
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Smad species such as pSmad1, pSmad1/Smad4, pSmad1/pSmad1 and (pSmad1)2/Smad4 are present in the 

nucleus. This leads to the accumulation of Smad1 species in the nucleus when the TGF-β signaling is active. 

All the Smad species (monomeric and dimeric) can dynamically move between the cytoplasm and the 

nucleus. An externally supplied inhibitor that deactivates the receptors turns off this signaling network.   

 

 

Simulation conditions 

 

The initial conditions of all protein complexes were set to 0. 

To calculate the POs at randomly generated NCPs we simulated the Smad model for 24h (Rmax) and 48h 

(Rmin). 

 

Smad1 and Smad4 initial conditions 

 

Smad1 distribution in initial conditions: 

 

Keq =
kin

kex
 

Smad1tot(cyt. ) =
Smad1tot

1 + Keq
 

Smad1tot(nuc. ) = Smad1tot − Smad1tot(cyt. ) 
 

Smad4 is equally distributed in the cytoplasm and the nucleus before the activation of the pathway. 

 

CIF and PPase were passed to the model without modification. 

 

Parameters for Smad model 

 

We implemented Improved Stochastic Ranking Evolutionary Strategy plus (ISRES+) [51] to estimate the 

10 variable parameters in the model. The model was fit to nuclear EGFP-Smad1 concentrations in HaCat 

cells in the presence of TGF-β signaling and later when an inhibitor of the Smad pathway was externally 

added. ISRES+ is a (μ-λ)-based evolutionary algorithm employed to solve global optimization problems 

using stochastic ranking. It additionally has gradient-based algorithms embedded to improve the search 

strategy, called lin-step and newton-step. The algorithm was run for 100 generations with 150 individuals, 
with a recombination rate of 0.85. Lin-step contributed one individual and newton-step contributed two 

individuals to every generation. The complete description of hyperparameters supplied to ISRES+ is in the 

Supplementary Text Section 3. The best individual of all generations, i.e., the parameter set with the best 

fitness score was chosen for all the simulations in this study. Additional details are in the Supplementary 

Text Section 3. 

 

Receptor concentrations 

 

The activated receptor level inputs used to calculate the PM-2 were obtained using a model from Larson et 

al., [30]. This model uses the GillesPy python package [52] to simulate the cell surface BMP receptor 

network as it interacts with given extracellular BMP ligand concentrations. There were two sets of starting 

parameters for the number of receptor components. Based on literature TGF-β receptor estimations from 

[53, 54], we used a value of 14,000 TGF-β receptors per cell split between type-I and type-II. [55] suggests 

that at some stages only ten percent of these may be present on the cell membrane. To this end, the 

simulations were run a second time with “Rmin” being ten percent of “Rmax”. For each of the two starting 

receptor levels, extracellular BMP ligand concentrations ranging from 0.001 to 3 nM were used to initialize 
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the simulation. Following 24 to 48 hours of simulation, all species population values were tracked over 24 

hours to collect noise information at the steady state. 

 

The Ract values for “Rmax” range from 0.01 nM to 3.5 nM, and for “Rmin” range from 0.001 to 0.1 nM (Fig 

S5). 

 

To calculate the PM-1 and PM-3, we adapt (details in the Supplementary Text Section 4) our model and 

simulate at starting receptor levels as a constant input.  

 

Sampling non-conserved protein concentrations 
 

We generated 104 sets of three non-conserved protein concentrations (Smad4, CIF and PPase) using Latin-

hypercube design with a sample density of 104. We uniformly sample the Smad1/Smad4 ratio in the 

logspace. 

 

The following were the range we generated to sample within: 

 

 Min (nM) Max (nM) 

CIF 10-1 102 

PPase 10-2 102 

Smad1tot 10-1 103 

Smad4tot 10-1 103 

 

The simulation results with nuclear (pSmad1)2/Smad4 concentration less than 0.1 nM are not shown in the 

figures since these concentrations are too low to be biologically relevant. 

 

Calculating the three Performance Objectives 
 

The three performance objectives (POs) are: 

 

1. Rise time (trise) 

 

The rise time is defined as the duration of a response to reach 95% of its steady state value. We calculated 

the rise time using a MATLAB function stepinfo from the control systems toolbox, on the dynamic profile 
of total nuclear pSmad14. The steady state pS2S4 concentration was externally supplied as an input to 

stepinfo, which was calculated by solving the system of ODEs using newton’s method with the final 

condition from ode23tb in MATLAB as an initial guess. The ‘RiseTimeLimits’ were defined as [0 0.95] 

 

2. Noise amplification ratio (NAR) 

 

The NAR is defined as the ratio of coefficient of variation of the response signal to the input signal. We 

used the steady state of nuclear (pSmad1)2/Smad4 obtained in PO1 as an initial condition to simulate 

continuous model again with a stochastic receptor input. We simulate the model for the same timespan as 

PO1. The NAR is then calculated as the ratio CV of (pSmad1)2/Smad4 over Ract: 

 

NAR =
CV((pSmad1)2/Smad4)

CV(Ract)
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Here,  

CV(x) =
σ(x)

μ(x)
 

3. Sensitivity coefficient () 

 

We calculated the sensitivity coefficient at the steady state concentration of (pSmad1)2/Smad4 obtained by 

solving the system of ODEs using newton’s method with the final condition from ode23tb in MATLAB as 

an initial guess. The sensitivity coefficient defined as: 

 

ϕ =
dln (

(pSmad1)2
Smad4

)

dln(Ract)
 

ϕ =
Ract

(pSmad1)2/Smad4
×

(pSmad1)2/Smad4δ − (pSmad1)2/Smad4

Ractδ − Ract
 

 

Here, Ractδ = 1.01Ract and (pSmad1)2/Smad4δ is the steady state concentration of (pSmad1)2/Smad4 for 

Ractδ. 

 

Pareto optimality 
 

We define an optimal point that has coordinates such that trise = 0, NAR = 0 and  = 1.  

 

We determined pareto optimality by selecting non-dominated solutions by calculating the distance between 

every point from every other point on the PM surface. These distances were calculated by normalizing the 

POs to ensure they lie in the same range. The response speed, trise (PM 1) was normalized by the maximum 

trise in the random screen. The abs(abs(ϕ) ) value of φ was used to ensure φ = 1 is optimal. 

 

Centroid of point clouds 
 

The POs were sorted into ten discrete clusters to visualize the effect of varying NCP. We calculated the 

centroid of each cluster by taking the mean of the three POs. The same procedure is used to calculate the 

centroid of point cloud clusters at all Ract concentrations. 

 

The Euclidean distance (d) was calculated as follows: 

 

d =  √∑(PMNCPi(k) − OPPM(k))
2

3

k=1

 

 

 

Here,  

NCPi ∈ (Ppase, CIF, Smad1tot, Smad4tot) 

 

Surface Fitting and generating distribution of NCPs. 
 

To visualize the PM-space in three dimensions and correlate system behavior using a data-driven approach, 

we fit a curve through all the points on the Pareto using the “fit” function in MATLAB using ‘cubicinterp’ 
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method and setting ‘ExtrapolationMethod’ to ‘none’. The resulting surface is as shown in Fig. 7A. To 

generate the distribution of NCPs in distinct regions on the PM-surface, we draw a cuboid in three 

dimensions using the interactive MATLAB function ‘drawcuboid’, and reverse calculate the distribution of 

NCPs that allow each system behavior. The histograms were normalized by probability distribution 

function. 
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